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Geometrie Analytique /Analytical Geometry 

Holomorphic vector bundles on non-algebraic surfaces 

Andrei Teleman Matei Toma 

Abstract - The existence problem for holomorphic structures on vector bundles over non-algebraic surfaces 
is in general still open. We solve this problem in the case of rank 2 vector bundles over K3 surfaces and 
in the case of vector bundles of arbitrary rank over all known surfaces of class VII. Our methods, which 
are based on Donaldson theory and deformation theory, can be used to solve the existence problem of 
holomorphic vector bundles on further classes of non-algebraic surfaces. 

Fibres vectoriels holomorphes sur les surfaces non-algebriques 

Resume - he probleme de I'existence des structures holomorphes sur les fibres vectoriels au-dessus des 
surfaces non-algebriques est en general encore ouvert. Nous resolvons ce probleme pour les fibres de rang 
2 sur les surfaces K3 et pour les fibres de rang arbitraire sur toutes les surfaces connues de la classe VII. 
Nos methodes, qui s'appuient sur la theorie de Donaldson et sur la theorie des deformations, peuvent etre 
utilisees pour resoudre le probleme de I'existence des fibres vectoriels holomorphes sur d'autres classes de 
surfaces non-algebriques. 

Version frangaise abregee - Soit E un fibre vectoriel complexe sur une surface complexe 
compacte X. Nous posons 

A{E) 2Tk{E)c2iE) - {Tk{E) - l)ciiEy . 

Pour tout a e NS(X) et pour tout entier positif r soit 

— ^ ^ij I /ii, . . . , /ir e NS(X) avec /li = a > . 

1=1 ^ i=i J 

Ce nombre est un entier non-negatif si X est non-algebrique [2]. Un fibre holomorpfie £ 
s'appelle filtrable s'il existe une filtration C C . . . C £r-i C £r = £ avec des faisceaux 
coherents £i tels que rk(fi) = i pour tons les i. Le probleme de I'existence des structures 
holomorphes filtrables sur les surfaces complexes a ete completement resolu dans [2] . Des 
resultats sur les structures non-filtrables ont ete obtenus dans [1], [12-14]. Notre premier 
resultat est 

Theoreme 1. Soit E un fibre complexe de rang 2 differentiable sur une surface K3 
non-algebrique X. Alors, a I'exception du cas a{X) = 0, A(ii') ~ A et ci{E) G 2NS{X), 
on a 

i) E admet une structure holomorphe filtrable si et seulement si 

ci{E) e NS{X) et /^{E) > m{2,ci{E)) . 

ii) E admet une structure holomorphe si et seulement si 

ci{E) e NS{X) et A{E) > min(6, to(2, ci (£;))) , 
Dans le cas excepte, E n'admet aucune structure holomorphe. 

Pour demontrer I'existence des structures holomorphes nous utilisons la non-trivialite de 
I'invariant polynomial de Donaldson qp{X) associe au P[/(2)-fibre P correspondant a une 
structure hermitienne sur E. 
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Remarque: La thcoric dc Donaldson pcrmet de rcsoudrc Ic problcnic do I'cxistence des 
structures holomorphcs dans Ic cas rk(i?) = 2 pour Ics surfaces kiihlericnnes X telles que 
H°{Kx) H°{K%^) soit surjective. Pour une telle surface X, fixons c G NS{X) et 
designons par c e Z2) sa reduction mod 2. On peut montrer que 

min{A(i?)| ci{E) ^ c, E admet des structures holomorphes} = 

min{-pi(P)| W2{P) = c, qp{X) ^ 0} , 

lorsque la valeur minimale a droite est inferieure a m{c\, 2). 

Ce resultat montre que, pour cette classe de surfaces kahleriennes, I'apparition des struc- 
tures holomorphes dans le cas A(£^) < m(ci(£^),2) est determinee par le type topologique 

differentiahle de la 4-variete differentiable sous-jacente. 

Nous dirons qu'une surface complexe X a la propriete si tout fibre vectoriel de rang 
r sur X qui admet une structure holomorphe, admet aussi une structure filtrable. 

Proposition. Soit X une surface complexe , -k : X ^ X une modification propre et 
r > 2 un entier. Alors X a la propriete si et seulement si X a cette propriete. 

L'idee de la demonstration est de montrer I'inegalite 

/^{£)-m{r,ci{£)) > A(7r*£") - m(r, ci(7r*£)) . 

pour tout fibre holomorphe £ de rang r sur X. 

Notre deuxieme resultat resout le probleme de I'existence des structures holomorphes 
sur les fibres vectoriels au-dessus de toutes les surfaces connues dc la classe VII: 

Theoreme 2. Soit X une surface de la classe VII dont le modele minimal est soit une 
surface d 62 = soit une surface avec un cycle de courbes rationnelles. Soit E un fibre 
vectoriel differentiable de rang r sur X. Les proprietes suivantes sont equivalentes: 

1. E admet une structure holomorphe, 

2. E admet une structure holomorphe filtrable, 

3. ci(£) e NS(X) et A{E) > m{r,ci{E)). 

Lorsqiie le modele minimal est une surface a 62 = 0, on applique la Proposition ci-dcssus 
et le resultat fondamental de [2]. Dans le deuxieme cas l'idee de la demonstration est 
de reduire le probleme par petite deformation au cas d'une surface de Hopf eclatee, et 
d'appliquer de nouveau la meme Proposition. 



1. Notations. - Let _E be a differentiable complex vector bundle over a complex surface 
X. The discriminant of E is defined by 

A(£;) := 2rk(£;)c2(£;) - (rk(£) - l)ci{Ef . 

For each a G NS(X) and any positive integer r we put 

{'2 '^1 
- ^ - Mi) I Ml) • • • ) Mr G NS(X) with ^ Mi = o| • 

Note that m{r,a) equals — c» if X is algebraic and is a non-negative integer if X is non- 
algebraic [2] . We recall that a holomorphic vector bundle £ is called filtrable if there exists 
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a filtration C £i C . . . C £r-i C £r = £ witli colierent slieaves £i such that rk(£i) = i 
for all i. The existence problem for filtrable holomorphic structures on complex surfaces 
was completely solved in [2] . For non- filtrable structures the existence problem was solved 
over tori for rank 2 and over primary Kodaira surfaces for arbitrary rank (see [12-14], [1]). 
We treat here the case of K3 surfaces and of class VII surfaces. 

2. The case of K3 surfaces. - The following result answers completely the existence 
question for holomorphic structures on rank 2 vector bundles over K3 surfaces. 

Theorem 1. Let E be a rank 2 differentiable vector bundle over a non-algebraic K3 
surface X . Excepting the case when a{X) = 0, A(i?) — 4 and ci{E) G 2NS{X), one has 

i) E admits a filtrable holomorphic structure if and only if 

ci{E) e NS{X) and A{E) > m(2,ci{E)) . 

ii) E admits a holomorphic structure if and only if 

ci{E) e NS{X) and A{E) > min(6, m(2, ci (£;))) , 
In the excepted case, E admits no holomorphic structure. 

Proof: The first statement is a particular case of the main theorem in [2], where also 
the non-existence of holomorphic structures in the excepted case is proved. It remains to 
show: 

A. If A(£') < min(6, to(2, ci(i?))), then E admits no holomorphic structure, 

B. If ci{E) e NS{X), and 6 < A(£') < m{2,ci{E)), then E does admit holomorphic 
structures. 

To prove A, notice first that, if A(£') < m{2, ci{E)), then any holomorphic structure 
on E is non-filtrable (by i)), hence simple. Let £ be such such a holomorphic structure. 
Since Kx = Ox, one gets {£ndo{£)) — H"^ {£ndi^{£)) = 0, and, by Riemann-Roch, this 
yields h^{£ndo(£)) < when A{E) < 6. 

To prove B, let 5 be a fixed a holomorphic connection on det(£') and fix a hermitian 
metric h on E. Denote also by P the PJ7(2)-bundle associated with the f7(2)-bundle 
{E,h). Its Pontrjagin class is Pi{P) — —A{E). The Kobayashi-Hitchin correspondence 
([3], [7]) gives an isomorphism of real analytic spaces 

Mf''{P):^M^;;l{E), 

for every Gauduchon metric g on X. Here A4^^^{P) denotes the moduli space oi g - ASD 
connections on P and A4^gg{E) denotes the moduli space oi g - poly-stable holomorphic 
structures on E which induce 5 on det(£^). In our case we have W2{P) ^ 0. Indeed, 
if W2{P) vanished, then ci{E) e 2H'^{X,Z) D NS{X) = 2NS{X), which would imply 
m(2,ci(£;)) =0. 

Since W2{P) ^ and X is simply connected, the Donaldson polynomial invariant asso- 
ciated with P is well-defined [3][]. On the other hand, by the same argument as above, 
h^{£ndo{£)) = h'^{£nd(){£)) = for any bundle £ with A{£) < m(2,ci(f)), hence the 
moduli space M^^^{P) and all similar moduli spaces corresponding to the lower Uhlen- 
beck strata, are regular of expected dimension. Therefore, one can compute the Donaldson 

^The Donaldson polynomial invariants associated with PC/(2)-bundles with W2 = on simply connected 
manifolds arc defined only for sufficiently large instanton number (the stable range) . A more refined theory 
[4], which uses the thickened ASD moduli space leads to well defined invariants for any value of C2, but 
this theory is not useful for our purposes. 
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ASD 

polynomial invariant corresponding to P using the Uhlenbeck compactification M.g (P). 

But, by classical results in gauge theory ([3], [6], [9]) the Donaldson polynomial invariant 
qp{X) associated to any PU{2) bundle P with —pi{P) > 6 is non-trivial. This shows that 
Mg^^{P) (hence also Mfs{E)) cannot be empty. ■ 

Remark: Donaldson theory can be used to solve the existence problem for rk(£') = 2 
and all Kiihlcrian surfaces X with H"{Kx) ^ H"{K®^) surjcct ivc. This condition en- 
sures that any non-filtrable holomorphic bundle defines a smooth point in the correspond- 
ing moduli space. For such a surface X, let us fix c € NS{X) and denote by c S H'^{X, Z2) 
its reduction mod 2. One can show that 

min{A(£)| ci{E) = c, E admits holomorphic structures } = 

min{-pi(P)| W2{P) = c, qp{X) ^ 0} , 

when the minimal value on the right is smaller than m(ci, 2). 

This statement shows that, for this class of surfaces, the existence of holomorphic struc- 
tures in the range A(_E) < m{ci{E)^ 2) can bo decided in terms of the differential topolog- 
ical type of the underlying differentiable 4-manifold. The proof is based on Donaldson's 
non-vanishing result for Kahlerian surfaces ([3], p. 378). 

3. Blow up inequalities. - We say that a complex surface X has the property *Pr 
if every rank r vector bundle on X which admits a holomorphic structure also admits a 
filtrable one. 

By [2] a complex surface X has the property if and only if any torsion free sheaf 
on X has A{J^) > m{r, ci(.f )). 

Proposition. Let X be a compact complex surface, n : X ^ X a proper modification 
and r >2 an integer. Then X has the property Cp^ if and only if X does. 

Proof: Let X be non- algebraic, otherwise the statement is trivial. We may suppose that 

TT consists of a single blow-up, and let D be the exceptional divisor. Suppose that ^ir holds 
for X. By [2] any rank r holomorphic bundle on X has A(J^) > m(r, ci(J^)). 

We will show that every holomorphic vector bundle £ of rank r over X satisfies A{£) > 
m{r, ci{£)), which will imply the property for X, again by [2]. 

We have 

ci{£)=Tr*ci{Tr4£)) + k[D] , (1) 

where k := —[D] ■ ci{£) £ Z. By tensorizing £ by 0{lD),l e Z if necessary, we may 
suppose that < fc < r. The Riemann-Roch formula yields: 



X{£) = r 



Un ^ , ci(g)-ci(X) , ci(g)^-A(g) 
X[^x)+ 2r 2r2 



Since x(f) = x(7r*f ) — x{R^t^*£) we have x(^) ^ xl'"'*^); which, by (1), is equivalent to 

A{£) > A{tt,£) + k{r - k) . (2) 

On the other hand 

m{r,ci{'K^£)) = -rmaxjy^^ ^i{'k^£) _ ^.^ | jUi, . . . , e NS(X) , ^/Xj = ci(7r*f )| 
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= -t(^-''? 

where the last equality holds for those /x? for which the maximum is attained. 
But 

m(r,ci(5)) = -rmaxj^ (^^^i^ -z^,^ | z/i, . . . , i/^ e NS(X) with ^i/i = ci(5)| < 

i=l i=fe+l 

1=1 

Combining this inequality with (2) we obtain 

A{£) - m{r, cy {E) > A(7r*£) - m(r, ci {ir^£)) . 
Therefore, since holds for X, 

A{£)>m{r,ci{£)) , 

which proves one implication of the Proposition. 
The converse is easier; if for a locally free sheaf of rank r on X we had 

then 

A(7r*.7=-) = A(jr) < m{r,ci{J^)) = m{r, din* J^)) 
proving our claim. ■ 

4. The case of class VII surfaces. - A compact complex surface is said to be in 
class VII if its first Betti number h\ equals one. The subclass of such surfaces with 62 = 
is completely understood; cf. [5], [11]. Further surfaces in class VII can be obtained by 
an explicit construction due to M. Kato. All known minimal surfaces in class VII with 
62 > contain one or two cycles of rational curves. On the other hand it was shown by 
Nakamura, [8], that any surface in class VII containing a cycle of rational curves is a 
deformation of a blown-up Hopf surface. Using this result we are able to prove 

Theorem 2 Let X he a class VII surface whose minimal model either has 62 = or 
contains a cycle of rational curves, and let E be a rank r differentiable vector bundle over 
X . Then the following are equivalent 

1. E admits a holomorphic structure, 

2. E admits a filtrable holomorphic structure, 

3. ci{E) e NS(X) and A{E) > m{r,ci{E)). 

Proof: We prove only 1. 2.. The rest follows from [2]. By the previous Proposition, 
we may suppose that X is minimal. If b2{X) = 0, the statement follows again from [2]. 
In particular it holds for Hopf surfaces, hence also for blown-up Hopf surfaces. 

Suppose that X contains a cycle of rational curves. Let £ he a non- filtrable holomorphic 
structure on E. We may suppose that £ does not admit any non-trivial coherent subsheaf 

of lower rank (if not, we replace £ by .F^^ and we argue by induction). 
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Denote by Qx the tangent sheaf of X. Consider the sheaf S arising as middle term of 
the Atiyah sequence: 

-> £nd{£) ^ E ^ ^ 0. 

For the deformation theory of the pair (X, £), the spaces E), H^{X, E), H'^{X, S) 

play the roles of tangent space to the group of automorphisms, tangent space to the 
versal deformation germ and space of obstructions to deformation respectively (sec [10]). 
Moreover, the natural map H^(X, E) H^(X, Ox) is the tangent map at (X, £) of the 
natural morphism between the versal deformation spaces of {X, £) and of X . 

Note that H^{X,£nd{£)) ^ H^{X,£nd{£) ® Kx)* = 0. Indeed, if / e H°{X, £nd{£)), 
then det(/) € H'^{X, K'^^) vanishes because kod{X) = — oo, hence ker/ would contradict 
our assumption on £. 

We also have H'^{X,Qx) = (see [8]), hence H'^{X,Y.) = 0. Therefore the versal 
deformation space is smooth at {X, £) and the germ of the map to the versal deformation 
of X is submcrsive at {X,£). In particular, over any deformation Xs of X sufficiently 
close to X, there exists a holomorphic vector bundle £s which is a deformation of £. 
Choosing Xs to be a blown-up Hopf surface and remembering that NS{X) = H^{X, Z) = 
H'^{Xs,Z) = NS{Xs) we see that Eg and hence E satisfies the third condition of our 
theorem, hence also the second by [2]. ■ 
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